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Barodiffusion:

Knudsen layers:



In kinetic theory there are two obvious limits.

Boltzmann: In a binary approximation we can employ a known, numerically-
generated, or experimentally-measured cross section.

Lenard-Balescu: When interactions are weak, dynamical many-body effects can be 
included.

•  The equations complement each other: dilute and hard-collisions versus many-body 
and weak collisions.

•  What can we do when neither of these limits applies to our problem? What regimes of 
plasma physics can be considered “safe”?
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Today, we know how to remove the divergences:

1.  Guess (adjust cutoffs in a Coulomb logarithm)

2.  T-matrix

3.  Gould-DeWitt type models
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Beam-plasma coupling is weak: easy.

An interesting trend emerges among 
“reasonable” models.

Contenders:
1.  RPA (Lenard-Balescu)
2.  Static Born (static screening in RPA)
3.  T-matrix (static numerical cross section)
4.  Combined scheme (Gould-DeWitt)

No dynamical screening: easy.
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By exact, I mean:

•  Numerically converged; error 
bars known and controlled.

•  Simulation and theory are 
solving the same problem.

Molecular dynamics is the method of 
choice for collisional processes.

•  Short-range forces that determine 
complex trajectories are treated with 
high precision.

•  Long-range forces are also treated 
(Ewald, PPPM, FMM, etc.).

•  Typically, second-order symplectic 
integrators are used (e.g., velocity-
Verlet).

400,000,000 particle MD 
simulation of energy deposition 
of a dense proton beam into a 

hydrogen plasma

∼ 3 · 10−10ff



•  MD is good at static quantum mechanical properties, but less is known about 
dynamical (i.e., kinetic) properties.

•  Even where MD is good at quantum mechanics, it is always done approximately. 
For our purposes here, just don’t do it!

•  This weakness of MD is also its strength: classical kinetic theory is a bit harder 
than quantum kinetic theory. Quantum mechanics tends to smooth things out 
and make things easier; for example, infinities are removed in quantum 
mechanical models.

Statement of Problem:

•  Stopping power, varying projectile velocity over a wide range.

•  Perform high-accuracy, purely classical molecular dynamics.

•  N.B.: This requires the projectile charge to be the same as in the target.

•  Formulate various classical collision models for comparison.
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•  Prior work noted that long-wavelength contributions were important, and 
limited the accuracy of MD, using 100-1000 particles. We used a minimum 
of 64,000, often 128,000, and did test runs up to 2M.

•  All particles have the same sign as the target: Z=-1, -2, -10.

•  Even with such large runs, wakes from periodic neighbors affected the 
projectile. Target was equilibrated, and projectile sent in at an angle 
incommensurate with the simulation cell so that it would not ride in its own 
wake.

•  After the projectile equilibrated with the target, we collect data. We focused 
on energy loss per unit length, although everything is available (e.g., 
straggling, blooming, etc.)

•  We do not wait to the particle to come to a stop: we perform many 
simulations for different initial velocities. But, we do perform a number of 
runs at each initial velocity to get error bars.

•  Heating of the projectile was minimized by having many particles in the 
target and through the use of a weak Langevin thermostat.



2M

n=1.03X1020/cc, T=1.088 eV, N=64K, L= 853 Å, Z=-20
v=50Å/fs = 11.4 v/vth   along x

density, n( r) current density, |j( r)|

rotate the projectile trajectory to stagger 
the periodic array of wakefields 

interaction with the wakefield 
from periodic replicas is obvious

64
K

250K

verify that dE/dx agrees
between sizes of 64K and 2M
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600Å

2708Å

600Å



dE/dx vs. v  for  Z=-10 in e- gas, Γ=1energy deposition map

velocity-space scattering microfield distribution



1. Plasma kinetic theory: what would we like to know?

2. Why stopping power?

3. Physics model for molecular dynamics studies.

4. Models we chose for comparison.

5. Results.



•  Born (LB) models (static, dynamic, and variants)

•  T-matrix (numerical cross section in Yukawa potential)

•  Two new T-matrix formulations (better screening)

•  Poisson-Boltzmann

•  Hypernetted Chain

•  Velocity-dependent T-matrix, and its embellishments

•  Formal connection to diffusive transport
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Gould-Dewitt class:

Note: Models in this class are completely convergent. No cutoffs, no Coulomb logarithm.
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In words:
1.  Compute screening length in plasma.
2.  For each velocity, form modified screening 

length.
3.  Numerically compute cross section.
4.  Compute stopping power.

“Zwicknagel”



The diffusion coefficient can be 
written exactly in statistical 

mechanics as:
D =
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In particular, MD is really good at calculating this for moderate to strong coupling.
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Now, back to stopping power: in the low-velocity limit when the 
projectile-target mass ratio is large, we have exactly:
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MD data
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•  This model does no harm.

•  When it makes a difference is also when it fails.
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Diffusion model works very 
well where it should.

But, we now know where it 
breaks down.



•  We have performed a set of accurate MD simulations of charged-
particle stopping that spans the range from weak to moderate to 
strong coupling in both target coupling and target-projectile 
coupling.

•  More is on the way! We are still not happy with error bars on all 
parts of the data set.

•  Once published, we hope our data will provide years of stringent 
tests for the stopping power community and, more broadly, the 
plasma kinetic theory community.

•  We have compared with a wide range of theoretical models. While 
we find roughly what we expect, we now have very precise rules 
about what we know and don’t know. 
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A model intended for:

•  Weakly coupled plasma

•  Moderate scattering



1.  When does any formulation of hydrodynamics break down?

1.  When do we need multi-species hydro?

2.  At what length scales do spatial gradients matter?

3.  At what time scales do temporal gradients matter?

4.  Are current highly-resolved calculations approaching their limits?

2.  What forms do the “gradient corrections” take?

1.  From Euler to Navier-Stokes to what?

2.  What are the transport coefficients and what are their values?

3.  Are there “kinetic effects” (physics not handled by gradient corrections)?

1.  Non-thermal distributions.

2.  Finite-mean-free paths.



In practice, we always use kinetic models.

∂

∂t
f(r,v, t) + v ·∇f(r,v, t) +m−1Fmf ·∇vf(r,v, t) = C[f(r,v, t)]

Several issues arise:

•  Often we do not want to solve a kinetic equation.

•  Even we we do, there are numerical issues.

•  All of the physics uncertainty enters through the collision term.

•  Without a complete understanding of the collisions, hydro models may suffer.

What are typical plasma collision treatments?
•  Nothing (Vlasov).
•  Fokker-Planck.
•  Linear models (Lenard-Bernstein, linear Boltzmann, etc.).
•  Non-linear models (BGK).
•  Lenard-Balescu.
•  Etc.



1.  Stopping power is ubiquitous problem in physics that many, 
many other scientific communities have paid a lot of attention to.

2.  Fast charged particles are created in fusion plasmas and are 
needed to heat the fuel, or be used as a diagnostic of the fuel.

3.  The stopping power is a velocity-resolved transport issue. 
Stopping power is detailed in this sense: we do not average 
over a distribution to get an integrated quantity; it is always a 
“mean-free-path” effect.



radiation, temperature relaxation, electron thermal conduction, stopping power, 
diffusive mixing, tail depletion, etc.

EOS

radiation

T-relaxation

thermal
conduction

stopping
power


